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Central challenge: Starting from quantum chromodynamics (QCD),
can we derive the properties of nuclei (and matter)?

NUCLEAR PHYSICS

Low energy: Nuclear structure, nuclear reactions & astrophysics
Intermediate energy: Nucleon and hadronic structure
Relativistic heavy ion collisions & quark matter
Neutrino physics, the standard model, and beyond

Figure from The Frontiers of Nuclear Science: A Long-Range Plan,
NSF/DOE NSAC (2007).
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Nucleon interactions Shell structure
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Goal of ab initio nuclear structure
First-principles understanding of nature Nuclei from QCD
Can we understand the origin of “simple patterns in complex nuclei”?

i.e., emergent collective correlations

Ab initio?
Adapted from B. Schwarzschild, Physics Today 63(8), 16 (2010).
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Some comments on nuclear structure
The nucleus is fundamentally a quantum many-body system

determined by its constituents (nucleons) and their interactions
We are forced to subject this many-body problem to brutal

approximations
Robust, simple patterns emerge, in form of collective correlations
Symmetries and symmetry breaking frequently provide an

organizing principle “Physics is symmetries”

Structure bridges energy scales for first-principles understanding of
nature (ab initio?)

Structure underlies reactions (astrophysics, applications) and
interactions (electroweak, beyond the standard model)

Nuclear structure is part of quantum many-body theory (study of
condensates)
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Outline

– Nuclear structure tour
– Shell model as baseline framework for structure
– Observables and illustrations
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Adapted from B. Schwarzschild,
Physics Today 63(8), 16 (2010) & 
Nuclear Physics: Exploring the 
Heart of Matter (NAS, 2010).

“Magic” numbers: 2, 8, 20, 28, 50, 82, 126



P. Van Isacker, AIP Conf. Proc. No. 819 (2006), p. 57.

From simple shell structure to collective dynamics
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P. Van Isacker, AIP Conf. Proc. No. 819 (2006), p. 57.

Kenneth S. Krane, Introductory Nuclear Physics (Wiley, New York, 1988).

From simple shell structure to collective dynamics
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David J. Rowe and John L. Wood,Fundamentals of Nuclear Models (World Scien-
tific, Singapore, 2010).

From simple shell structure to collective dynamics
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1 Elements of nuclear structure

bands can be seen for 168Er in Figure 1.58. The figure shows 70 excited states of
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Figure 1.58: The low-lying states of 168Er arranged into rotational bands. The positive-parity bands are
shown also in Figure 1.59. (The data are taken from Nuclear Data Sheets.)

168Er classified unambiguously into 14 rotational bands. Each band is associated

with a different intrinsic state and a K quantum number.

The extent to which the bands of states in 168Er are fitted by the rotor energy for-

mula can be seen in Figure 1.59, which shows how the energies of the positive-parity

states of Figure 1.58 vary with I(I + 1). The slopes of the curves are proportional

to the inverses of the moments of inertia. Thus, to a first approximation, it appears

that all the bands have similar moments of inertia. A possible exception is the

Kπ = 0+ band built on the 1217 keV 0+ state which has a somewhat smaller value

for ~2/2ℑ, i.e., a shallower slope.

Although the energies plotted in Figure 1.59 follow remarkably straight lines

as functions of I(I + 1), the figure also shows a slight, but systematic, curving

to shallower slopes with increasing I. The effect is seen more clearly if transition

energies, rather than excitation energies, are plotted. Figure 1.60 shows a plot of

(4I − 2)/∆EI,I−2 vs. I for ground-state rotational bands of selected nuclei. For

rigid rotors these bands would appear as horizontal lines. The non-rigidity or non-

adiabaticity of these nuclei is dramatically illustrated. Whatever is changing with

increasing angular momentum is changing smoothly.

68

Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).
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1.7 Low-energy collective structure in doubly-even nuclei
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Figure 1.65: Examples of rotational nuclei from across the entire mass surface with proton and neutron
numbers corresponding to mid-open-shell regions (cf. Figure 1.2). (The data are from Nuclear Data Sheets,
from Ajzenberg-Selove F. (1988), Nucl. Phys. A490, 1, and from Endt P.M. (1990), Nucl. Phys. A521, 1.)

where cos θ = z/R0 and that, to leading order in α, the points at distance

R(θ, ϕ) = R0

[
1 + αY10(θ, ϕ)

]
(1.55)

from the coordinate origin in spherical coordinates, form a sphere centred about

the point in (0, 0,
√

3
4π

αR0) in (x, y, z) coordinates, i.e., a Y10 shape component

is equivalent to a translation of the centre of mass.

1.22 Show that if
EI = E0 +AI(I + 1) +BI2(I + 1)2, (1.56)

then r6 = 22
5
r4 − 33

5
.

1.23 Calculate ℑrigid for the nuclei in Figures 1.60 and 1.65. (Convert the units of
your answers so that direct comparisons can be made.)

1.24 Derive Equation (1.43) from Equations (1.41) and (1.42).

1.25 For Q̄0(αK) = Q̄0 for all K and α, evaluate Equation (1.51) for Q(αKI) with
K = 0, I = 0, 2, 4; K = 2, I = 2, 3, 4; K = 4, I = 4.

1.26 For Equation (1.52) with K = 0, and B(E2;α0Ii → α0If ) = B(E2; I → I − 2) =
BI,I−2, show that B42/B20 = 10/7, B64/B20 = 225/143 and B86/B20 = 28/17.

1.27 From Equations (1.51) and (1.52), derive the relationship

Q(2+1 ) = −2

7

√
16πB(E2; 2+1 → 0+1 ) (1.57)

for the ground state (K = 0) rotational band of a doubly-even nucleus.

75

Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).
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Adapted from B. Schwarzschild,
Physics Today 63(8), 16 (2010) & 
Nuclear Physics: Exploring the 
Heart of Matter (NAS, 2010).

“Magic” numbers: 2, 8, 20, 28, 50, 82, 126
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Observed energy levels for A = 6 nuclei

82

A = 6,6Be,6B,6C

D.R. Tilley et al. / Nuclear Physics A 708 (2002) 3–163

4. 6Li( 3He, t)6Be, Qm = −4.3063

Triton groups have been observed to6Be∗(0, 1.7). The width of the ground state is
89± 6 keV. The parameters of the excited state are displayed in Table 6.8 of [74AJ01].
No other excited states have been seen withEx < 13 MeV. There is no evidence for
a state near 11.5 MeV: see [79AJ01]. [87BO39] have studied the decay of6Be∗(1.7)
at E(3He) = 38.7 MeV: they report that the branching ratio for decay via the emission
of 2He (T = 1, S = 0) is 0.60± 0.15: see also reactions 21 in6He and 38 in6Li and
[84BO49, 85BO56, 88BO1J]. See also [84AJ01, 87DA31] (theory) and9B.

In more recent work, kinematically complete experiments for6Li( 3He, t)6Be∗(0, 1.7)→
α + p + p were reported in [88BO38, 89BO1N, 89BO25, 89BO42] and in [92BO25,
93BO38] (studied decay mechanism). Measurements of differential cross sections at
E(3He)= 93 MeV are described in [94DOZW].

6B,6C
(not illustrated)

Not observed: see [79AJ01, 84AJ01, 89GR06] for (6Li(π+,π−) at Eπ+ = 180,
240 MeV, [93PO11] (properties of exotic light nuclei) and [98SU18].

Fig. 7. Isobar diagram,A= 6. For notation see Fig. 3.Figure from D.R. Tilley et al., Nucl. Phys. A 708, 3 (2002).
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The size of halo nuclei

most
nuclei

n-halo
nuclei

rN
rP

• and different charge and matter radii

R. Sanchez et al., PRL 96, 033002 (2006)
P. Mueller et al., PRL 99, 252501 (2007)

Li

He

I. Tanihata et al., PLB 202, 592 (1988) 11Li

6He 8He

• Large matter distribution
B. Jonson / Physics Reports 389 (2004) 1–59 13

12
 fm 7 
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Li11

Li9

Pb208

Ca48

Fig. 7. The size and granularity for the most studied halo nucleus 11Li. The matter distribution extends far out from the
nucleus such that the rms matter radius of 11Li is as large as 48Ca, and the radius of the halo neutrons as large as for
the outermost neutrons in 208Pb.

mainly in s- and p-states and can therefore tunnel far out from the core. It turns out that the rms
matter radius of 11Li is similar to the radius of 48Ca while the two halo neutrons extend to a volume
similar in size to 208Pb.
As mentioned, the !rst series of measurements of interaction cross-sections using radioactive

beams was performed by Tanihata and coworkers in 1985 [41,42]. The !I were measured with
transmission-type experiments. Their classical results for He and Li isotopes were one of the main
experimental hints of the existence of halo states in nuclei. The measured interaction cross sections
were used to extract rms radii using Glauber-model analysis. This type of experiment has been
continued at the Fragment Separator (FRS) at GSI and there exists an extensive quantity of measured
interaction and reaction cross-sections for isotopes ranging from 3He to 32Mg [95]. The measured
cross sections have been used to deduce rms matter radii by a Glauber-model analysis in the optical
limit [72]. Fig. 8 shows the systematics of deduced radii. The theoretical method, which assumes
static density distributions, has some problems for the loosely bound halo systems. For such nuclei
the granular structure of the nucleus, with a compact core and widely dispersed halo neutrons,
has to be taken into account [97,98]. In such a treatment the calculated cross sections are reduced
considerably, giving increased values for the rms radii. For 11Li, for example, the value of 3:12 fm
(Fig. 8) is adjusted up to 3:55 fm. Some examples of cross-sections and deduced rms radii are given
in Table 1.
Proton elastic scattering data for dripline nuclei has been obtained in experiments using the

so-called inverse kinematics method where a radioactive beam of about 700 MeV=u is directed to-
wards a proton target. Data from such experiments have been obtained at GSI with the hydrogen-!lled
IKAR multiple ionization chamber, which served both as target and as recoil-proton detector [99].
From the di"erential scattering cross-sections at small momentum transfer both the overall size and
the shape of the radial nuclear matter distribution were obtained [73,99–102] for isotopes of He and
Li. Fig. 9 shows the data for Li isotopes. For 11Li the extracted radius is 3:62(19) fm which is close
to the value obtained in the reanalysis of the interaction cross-section data [97]. The results for He
and Li are given in Table 1.
Integral measurements like the total reaction cross-sections and the elastic scattering cross-sections,

measured only in a small momentum transfer region, are only sensitive to the overall size of the
system. In order to explore the single particle and collective structures continuum excitations play an
important rôle. The three-body breakup 6He → 4He+ n+n with a 240 MeV=u secondary 6He beam

Figure from: B. Jonson, Phys. Rep. 389, 1 (2004)

Nuclear halos are very atypical:

Departing from the R~A1/3 dependance

courtesy of M. Brodeur
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Cluster structure in light nuclei

Yoshiko Kanada-En’yo, Masaaki Kimura, and Akira Ono, PTEP 2012, 01A202 (2012).

PTEP 2012, 01A202 Y. Kanada-En’yo et al.
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Fig. 6. Left: Energy levels of 12C calculated with AMD-VAP [67]. The theoretical levels of 12C calculated
with the 3αRGM [71,72] and 3αGCM [73–75] are also shown. Right: Energy levels of 11B calculated with
AMD-VAP [68].
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Fig. 7. Density distributions of intrinsic states for the ground and excited states of 12C and 11B calculated by
AMD-VAP [67,68].

are understood because of the developed cluster structure of the 3/2−
3 state which has a small overlap

with the low-lying shell-model-like states. Indeed, the 3/2−
3 states of 11C and 11B exhibit remarkably

well developed 2α+3He and 2α + t clustering (Fig. 7).

3.2.3. Analogy of cluster aspects of 11B to 12C. Comparing the results for 11B with those for 12C,
we found good analogies of cluster aspects between 11B and 12C. As shown in Fig. 7, the ground
state of 11B is described by a p3/2-shell configuration with mixing of the cluster structure, as is that
of 12C. The development of the 2α + t-cluster core in 11B(3/2−

2 ) shows a good analogy to that of the
3α-cluster core in 12C(2+

1 ). The remarkably well developed 2α + t-cluster structures in 11B(3/2−
3 )

and 11B(1/2−
2 ) can be associated with the developed 3α cluster in 12C(0+

2 ) and 12C(0+
3 ), respectively.

Particular attention is paid to the analogy of 11B(3/2−
3 ) to 12C(0+

2 ). Similarly to the case of 12C(0+
2 ),

the 11B(3/2−
3 ) wave function has a large overlap with various 2α + t configurations, indicating that

the state has no geometric cluster configuration but it should be regarded as a weakly interacting
2α + t-cluster state. The root-mean-square radius (r.m.s.r.) of the 11B(3/2−

3 ) state is 3.1 fm; this is
remarkably large compared with that of the ground state (2.5 fm). Considering the amplitudes of the
wave function fragmented on various configurations and the large radius, the 3/2−

3 state may be a
2α + t-cluster state with a dilute density like a gas, where clusters are rather freely moving. It should
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Fig. 5. Schematic figures for cluster states suggested in 10Be, 11Be, and 12Be. For the molecular-orbital states,
2α cores and the valence neutrons in the σ orbital are illustrated. The experimental values of the excitation
energies are also shown.

Interestingly, the degree of the 2α-cluster development strongly correlates with the number of
valence neutrons in the σ orbital. Namely, the 2α cluster develops as the neutron number in the
σ orbital increases. This is easily understood because the single-particle energy of the σ orbital
decreases because of the kinetic energy gain in largely distant 2α systems. The enhancement of the
2α cluster with neutrons in the σ orbital is consistent with the arguments in Refs. [34–39]. On the
other hand, as the neutron number in the π orbitals increases, the cluster structure tends to weaken.

Another interesting characteristic of Be isotopes is the breaking of neutron magicity in 11Be and
12Be. The breaking of the p shell for the neutron magic number N = 8 in 11Be is experimentally
known from the unnatural parity 1/2+ ground state, while that in 12Be has been suggested from slow
β decay[56]. These exotic features of 11Be and 12Be can be understood from the molecular-orbital
picture. The ground states of 11Be and 12Be are considered to have dominant intruder configurations
with σ -orbital neutron(s) instead of normal 0�ω configurations. The ground 1/2+ state of 11Be cor-
responds to the π2σ configuration, while 12Be(0+

1 ) is the intruder state π2σ 2 in terms of molecular
orbitals. In the one-center shell-model limit, the π and σ orbitals correspond to the p and sd orbits.
Therefore, in the ground states, 11Be(1/2+

1 ) and 12Be(0+
1 ) have dominant 1�ω and 2�ω configu-

rations, respectively, indicating the vanishing of the N = 8 magic number in 11Be and 12Be. The
breaking of the neutron shell in neutron-rich Be isotopes is caused by the decreasing σ orbital in the
developed 2α structures as discussed in Refs. [8,44,55]. Again, the σ orbital in the 2α structure plays
an important role.

In addition to molecular-orbital structures in such low-lying states, the AMD results for 12Be
suggest molecular resonant states with di-cluster 6He +6 He and 8He + α structures in highly
excited states [44]. This result is consistent with the experimental observations of cluster states
in He + He break-up reactions [57–59] and also with theoretical suggestions by cluster model
calculations [43,45,60].

3.2. Three-body cluster states in 12C, 11B, and 14C

One of the typical examples where cluster and shell features coexist is 12C. The ground state of 12C
is an admixture of 3α-cluster and p3/2-shell closure structures. On the other hand, a variety of 3α-
cluster states have been suggested in excited states in many 3α model calculations since the 1970s
[61]. Recently, Tohsaki et al. have proposed a new concept of cluster structure in the second 0+

state of 12C, where three α clusters are weakly interacting like a gas [62,63]. Because of the bosonic
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Outline

– Nuclear structure tour
– Shell model as baseline framework for structure
– Observables and illustrations
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Approaches to Nuclear Structure 
“The first, the basic approach, is to study the elementary particles, their 
properties and mutual interaction.  Thus one hopes to obtain knowledge of 
the nuclear forces.  If the forces are known, one should,  in principle, be 
able to calculate deductively the properties of individual nuclei.  Only after 
this has been accomplished can one say that one completely understands 
nuclear structure… 
 
The other approach is that of the experimentalist and consists in obtaining 
by direct experimentation as many data as possible for individual nuclei. 
One hopes in this way to find regularities and correlations which give a 
clue to the structure of the nucleus…  The shell model, although proposed 
by theoreticians, really corresponds to the experimentalist’s approach.”  
 

–M. Goeppert-Mayer, Nobel Lecture 
 
Ab initio approach vs. phenomenological 
 
 
 

So far, nuclear physics largely phenomenological 
 

Can we describe nuclei from first principles? 
courtesy of J. D. Holt
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Three-dimensional harmonic oscillator orbitals

V(r) =
mω2

2
r2 Central force

Ψ (r, θ,ϕ) =
Rnl(r)

r
Ylm(θ,ϕ)

m = −l,−l+1, . . . , l

N = 2n+ l Major shell

“Oscillator basis” depends upon length parameter b (or on ~ω)

Rnl(r) ∝ (r/b)l+1L(l+1/2)
n [(r/b)2]e−(r/b)2/2 b(~ω) =

(~c)
[(mNc2)(~ω)]1/2

Couple orbital angular momentum with spin (jj-coupling)
⇒ Single particle basis states |nljm〉

0

1

2 0

3 1

4 2 0

Harmonic

oscillator

0

1

2

3

4

N

One particle in three dimensions
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Shell model orbitals

Spin-orbit interaction (l · s) ⇒ jj coupling scheme
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The many-particle Hilbert space
For a system of distinguishable particles, the Hilbert space consists of all
linear combinations of direct products of single particle states.
Simple example: 2 particles, in 2 states (|↓〉 and |↑〉)

|Ψ (2)〉 = a↑↑ |↑〉1 |↑〉2 + a↑↓ |↑〉1 |↓〉2 + a↓↑ |↓〉1 |↑〉2 + a↓↓ |↓〉1 |↓〉2
Nuclear problem: A particles, with single-particle basis states |nljm〉
|Ψ (A)〉 =

∑
n1l1j1m1
n2l2j2m2
···

a(n1l1j1m1)···(nAlAjAmA) |n1l1j1m1〉1 |n2l2j2m2〉2 · · · |nAlAjAmA〉A

But for indistinguishable particles (specifically, fermions), only linear
combinations antisymmetric under interchange of particles are permitted.

|↑↓〉 =
1
√

2

[
|↑〉1 |↓〉2− |↓〉1 |↑〉2

]

= 0

Pauli 3

|Ψ (A)〉=
∑

n1l1j1m1
n2l2j2m2
···

a(n1l1j1m1)···(nAlAjAmA) |(n1l1j1m1)(n2l2j2m2) · · ·︸                        ︷︷                        ︸
Protons

· · · (nAlAjAmA)︸           ︷︷           ︸
Neutrons

〉



Shell model and collective correlations

H =
A

∑
i=1

− ~2

2mi
∇2

i +
A

∑
i, j=1

V (ri − r j)

⇒

H0︷ ︸︸ ︷
A

∑
i=1

[
− ~2

2mi
∇2

i +U(ri)
]

+
[ A

∑
i, j=1

V (ri − r j)−
A

∑
i=1

U(ri)
]

︸ ︷︷ ︸
Vres

Independent particle model (H ≈ H0): Eigenstate approximated as single configuration

Classic shell model (“configuration interaction” calculation):

Many-body problem restricted tovalence shell
Neglected (“inert”) core leads to effective interaction ofvalence nucleons

Open shell [∆ε . 〈Vres〉] permits collective phenomena:
Large number of single-particle configurations energetically accessible
Little energy required for excitation

M. A. Caprio, University of Notre Dame
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Single-particle energies in the pf shell

Figure courtesy United States Postal Service
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Model space dimensions in the pf shell
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Nuclear structure of 56Ni in the pf shell

M. Horoi et al., PRC 73, 061305(R) (2006). M-scheme in N-particle N-hole truncation.

RAPID COMMUNICATIONS

HOROI, BROWN, OTSUKA, HONMA, AND MIZUSAKI PHYSICAL REVIEW C 73, 061305(R) (2006)

FIG. 1. The evolution of the first three 0+, 2+, 4+, and 6+ states as a function of the truncation level t.

Figure 1 shows the evolution of the first three 0+, 2+, 4+,
and 6+ states as t increases. This is similar to the analysis
that was shown for 28Si in the sd shell 20 years ago; see
Fig. 1 in Ref. [17]. The experimental excitation energies
are from Ref. [18]. One can observe that the calculations are
practically converged at the t = 10 level of approximation. The
largest energy deviation between the full model calculations
and the t = 10 calculations was 0.014 MeV for the second
2+ state. Calculations for 56Ni excited 0+ states based on
truncations that stopped at t = 2 or t = 4 [19,20] had difficulty
reproducing the experiment levels, and we can see in Fig. 1 that
the spectra at this level of truncation are far from convergence.

Figure 2 shows the spectra obtained with a specific number
of particles to excited from f to r, that is, top-toh configurations.
The energies of the configurations are shifted down by (to ×
δG) with δG = 0.9. δG represents the change in the effective
f -r single-particle gap when going from the full-space wave
functions for the 56Ni ground state to the closed-shell (to =
0) ground state. The value of δG is obtained empirically by
comparing the to = 0 energies of 55,56,57Ni calculated with the
GXPF1A interaction with the experimental values. From Fig.
2 we can understand the origin of low-lying states in terms
of the pure to configurations. The to = 2 spectrum shows a
two-phonon character with the lowest state turning out to be
0+. The next lowest states are those from to = 4, with the
lowest few states clearly showing a rotational pattern. States
for to > 4 that start around 8 MeV or higher are not shown.

In the full configuration spectrum of Fig. 1 the 0+ ground
state is predominantly (50%) to = 0 and the first excited 2+

state is predominantly to = 1. The states that are predomi-
nantly to = 1 have almost converged at t = 6. However, the
excited deformed band corresponding to the predominantly

FIG. 2. The first three 0+, 2+, 4+, and 6+ states for the pure to
configurations.
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Outline

– Nuclear structure tour
– Shell model as baseline framework for structure
– Observables and illustrations



How is nuclear structure studied?
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Transition
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Obtain detailed information on physical structure and excitation
phenomena from spectroscopic properties

– Level energies and quantum numbers
– Electromagnetic transition probabilities and multipolarities

Fermi’s golden rule Ti→ f ∝ |〈Ψf | T̂ |Ψi〉|2

Electromagnetic probes (e-scattering),α decay,β decay, nucleon
transfer reactions,. . .
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