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From simple shell structure to collective dynamics
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Kenneth S. Krane, Introductory Nuclear Physics (Wiley, New York, 1988).
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From simple shell structure to collective dynamic
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David J. Rowe and John L. WooHundamentals of Nuclear Models (World Scien-
tific, Singapore, 2010).
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Shell model and collective correlations
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Vres
Independent particle modeH(~ Ho): Eigenstate approximated as single configuration
Classic shell model (“configuration interaction” calcubex):
Many-body problem restricted t@lence shell
Neglected (“inert”) core leads to effective interactiorvafence nucleons

Open shellf\e < (Vieg] permits collective phenomena:
Large number of single-particle configurations energ#éjieecessible
Little energy required for excitation
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Flow chart for ab initio nuclear theory
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Flow chart for phenomenological nuclear theory
(extreme case)
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Quarks
~.then a

miracle occurs...

_og

(with apologies to S. Harris) Nuclear reactions
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Transition
probability;
Multipolarity

0+
J*

Obtain detailed information on physical structure and excitation
phenomena from spectroscopic properties
— Level energies and quantum numbers
— Electromagnetic transition probabilities and multipolarities
‘ Fermi's golden rule Ti¢ O |(% | T |¥H)? ‘

Electromagnetic probes-Ecattering)a decay,3 decay, nucleon
transfer reactions, .

M. A. Caprio, University of Notre Dame



Multipolarity of nuclear radiation

Homogeneous charged fluid
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Electric quadrupole (£2)

Relative motion of proton and neutron density
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Multipole operator definitions

Electric quadrupole (£2) operator
A

Qy= Z eir Yau(k:) =Q,+Q,

i=1

Magnetic dipole (M 1) operator

A
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Mi= | =y Y (80 + s ’
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8tn= 0
8sn = —3.826
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Nuclear structure with transfer reactions

* transfer reactions probe nuclear response to the
addition of nucleon
= information about nuclear structure from:

angular differential cross section
absolute value

position

width (in the continuum)

A standard eacti

o= Sizé‘

spectroscopic factor  cross section from
from structure model  few-body/reaction models

1205

._\o .

Deuteron

Magnet

position

Number of protons
absolute value

Proton energy

can suffer from inconsistency between the two schemes !

courtesy of J. Rotureau and G. Potel




Outline

— Isospin

— Pairing

— Deformation: Rotation
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Observed energy levels for A = 6 nuclei
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Figure from D.R. Tilley et al., Nucl. Phys. A 708, 3 (2002).



Observed energy levels for A = 7 nuclei
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Figure from D.R. Tilley et al., Nucl. Phys. A 708, 3 (2002).



Observed energy levels for A = 12 nuclei
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What is a Lie algebra?

A vector space...

X,Ye¥ = X+Ye¥,aXe¥ Closure
aX+Y)=axXx+ay Linearity

...with a vector product (“Lie product”)

XY e¥ Closure
aX +bY,Z] =a[X,Z] +b[Y,Z] Linearity
X,Y] =—[Y,X] Antisymmetry
A, [B,C]]+[C,[A,B]] + [B,[C,A]] = 0 Jacobi identity

Note: A vector space is spanned dhpasis vectorXy, Xo, ..., Xg.

V= {iiaiXi ‘ aeR or(C} d = “dimension” of ¥

M. A. Caprio, University of Notre Dame.



Why should we care?

There are Lie algebras hidden inside our QM problems! Twdorespaces...
1) Space oftates— “Hilbert space”
2) Space obperators (!)
aX+VY)=aX+ay
[X,Y] = XY —¥YX is a“Lie product’
ExAamMPLE Angular momentum algebra [SP)]
basis J, Jy, J,
closure? [J,J]=iJ, [J, X =ik [IAl =i V
Lie algebra operators as “generators” for continuous fonsations
Lie algebrag £ e groupG eg., R(0) = &8t +6%)
Symmetry — invariance of Hamiltonian under tranformation
ROHRO) =H <« [§,H=0 (i=123)
Eigenvalues form degenerate multipletgM = —J,
Eigenstates rotate into each otheR(6)|IM) = ZM/

[ IM’)

12am()

M. A. Caprio, University of Notre Dame.



SU(2) in a nutshell

SU(2) ~SO(3) (2x 2 spin rotation or 3« 3 Euler rotation matrices)

Ladder operators J. = J+iJ, Raises or lowers M value
Weight operator  Jp=J, “Weighs” a state for its M value

Everything follows from the commutatdrs
Mo, di]=+Jy [Jo,d-]=-J [J,0-]=2%
Action of generators

J:|IM) = /AFM)TEMF1)|I(M+1))  Jo| IM) = M|IM)

States form “irreducible representation” connected byéaperators

M
J-1 J

Set may be labeled by its “highest weighinax (= J)

*Actually, these plus the relatim:& =J anng =Jo...

M. A. Caprio, University of Notre Dame.



Symmetries in nuclei

Fundamental symmetries

— Rotation [SU(2)] & parity = J,P
Approximate symmetries of the many-body problem

— Isospin [SU(2)] & Wigner spin-isospin [SU(4)]

— Pairing quasispin symmetries: SU(2), SO(5), ...

— Phase space (or oscillator) symmetries: Elliott SU(3) & Sp(3,R)
Symmetries of collective degrees of freedom

— Bosonic models: U(6), ...

— Symplectic collective model [Sp(3,R) again!/]  Collective flow
D. J. Rowe, A. E. McCoy, and M. A. Caprio, Physica Scripta 91, 033003 (2016).

But symmetries are broken, so... Why symmetries?
— Identifying and characterizing emergent correlations
E.g., isospin multiplets, Elliott rotation
— Symmetry as computational tool H = H§(y),)nm +H'
“Right” basis for decomposing and truncating many-body space

M. A. Caprio, University of Notre Dame



Outline

— Isospin

— Pairing

— Deformation: Rotation
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Ca isotopes

Figure 1.8: One-neutron separation ener-
gies, Sy, for the calcium isotopes. Note
the odd-even staggering between neigh-
bouring nuclei and the strong disconti-
nuities that occur between A = 40 and
41 and between A = 48 and 49 (cf. Fig-
ure 1.9). (The data are from Audi G.,
Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. AT29, 337.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models M. A Caprio, Universty of Notre Dame
(World Scientific, Singapore, 2010).



Ca isotopes
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Figure 1.9: Two-neutron separation ener-
gies, Sa,, for the calcium isotopes. The
odd-even staggering is smoothed away,
leaving a clear indication of discontinuities
at A =41 and 49. (The data are from Audi
G., Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. AT29, 337.)

M. A. Caprio, University of Notre Dame

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models
(World Scientific, Singapore, 2010).



Single-particle energies in the pf shell
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Figure courtesy United States Postal Service
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Figure 1.28: Low-energy states in the A = 42
isobars 42Ca, 42Sc, and 2Ti. Excitations
are in MeV. Levels are labelled by their spin-
parity, J™. The vertical arrows indicate the
energies above which there are excited states

known but which are omitted from the fig-
ure. The states shown for 2Sc result from

the various spin couplings of the configura-
tion 71 f7/ov1f7/5. The J =0, 2, 4, 6 mem-
bers of this multiplet are connected with the
corresponding (7r1f7/2)2 and (1/1f7/2)2 states
in 42Ti and 2Ca, respectively. (The data,
are taken from Endt P.M. (1990), Nucl. Phys.
A521, 1.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models M. A Caprio, Universty of Notre Dame
(World Scientific, Singapore, 2010).



Pairing as approximation to short-range interaction
Vies = 5 327G 55 V1355 D [[elel] [a6],
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J. Suhonen, From Nucleons to Nucleus (Springer-Verlag, Berlin, 2007).



Seniority relates states obtained by adding pairs

[A, AT =1-n/02,
[AT, 7] = —24T
[Veamr, AT] = ~GAT(2 — ) = ~G(2 — 7 +2)At .

E/(G/4)

)v=4 (=2,4,5,8)

@n¥v=2 @)= (=2,4,6)

(43)E (48)E (J=13/2,5/2,9/2,11/2,15/2)

v=1 v=0 v=1 v=0 v=1 v=0 v=1 v=0
BN Oz Onss Onms Onss Onze Ong Onss
Fig. 12.3. Excitation spectra in the seniority scheme for different numbers N of
particles occupying the Of;/, shell. The seniority v is indicated for each level. The
numbers in parentheses to the left of the levels give the degeneracies. The angular
momentum content of the levels is given on the far right

i ) M. A. Caprio, University of Notre Dame
J. Suhonen, From Nucleons to Nucleus (Springer-Verlag, Berlin, 2007).



104 106 108 110 112 114 116 118 120 122 124 126 128 130
A

Figure 1.29: Low-energy states in the even-mass tin (Z = 50) isotopes. The 07 ground states and 2% first
excited states are discussed in the text. (The data are taken from Nuclear Data Sheets and Juutinen S. et al.
(1997), Nucl. Phys. A617, 74 — 196Sn; Gérska M. et al. (1998), Phys. Rev. C58, 108 — 104Sn.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models M. A Caprio, Universty of Notre Dame
(World Scientific, Singapore, 2010).



Sn isotopes

Figure 1.30: Low-energy states in the odd-mass tin isotopes. Levels are labelled by their spin-parity. The
vertical arrows indicate the energies above which there are excited states known but which are omitted
from the figure. The lowest three states are a selection from the spin-parities 5/2+, 7/2+, 1/2%+, 3/2%F,
11/27, corresponding to the single-particle configurations 2ds /. 197/, 35172, 2d32, 1h1 /2, respectively.
Information on states in 103:105:107.1098y, js very limited. The identification of 2ds in '7Sn and 1gg 5 in
12,1298y is ambiguous. (The data are taken from Nuclear Data Sheets and Fahlander C. et al. (2001), Phys.
Rev. C63, 021307(R) — 103Sn.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models M. A Caprio, Universty of Notre Dame
(World Scientific, Singapore, 2010).



The Fermi surface and quasiparticle excitation

Particle states

e

Hole states

NN

\\\\\\ \
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L. . M. A. Caprio, University of Notre Dame
D. J. Rowe, Nuclear Collective Motion: Models and Theory (World Scientific, Singapore, 2018).



Sn isotopes

Figure 1.31: Fractional occupation
probabilities, v]2., of single-particle or-
bitals in '27124Sn. The uncertainties
in UJQ shown are typical for each sub-
shell (other uncertainties are omitted to
avoid cluttering the figure). (The data
are taken from Fleming D.G. (1982),
Can. J. Phys. 60, 428.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models M. A Caprio, Universty of Notre Dame

(World Scientific, Singapore, 2010).



Outline

— Isospin

— Pairing

— Deformation: Rotation
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Separation of rotational degree of freedom

Factorization of wave function | k) J=K,K+1,...
19 Intrinsic structure (K = a.m. projection on symmetry axis)
DIJWK(ﬁ) Rotational motion in Euler angles 9

Coriolis (K =1/2)

Rotational energy

2
E()=Eg+AJU + Dra(-)" P+ 1)) A=17

Rotational relations (Alaga rules) on electromagnetic transitions
B(E2;J; — Jp) o< (JiK20l/;K)*(eQ0)* Qo o< (p1Q20ldk)

Eo-

1232 52 72
J
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Figure 1.58: The low-lying states of '9®Er arranged into rotational bands. The positive-parity bands are
shown also in Figure 1.59. (The data are taken from Nuclear Data Sheets.)

Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).

M. A. Caprio, University of Notre Dame



Figure 1.59: Plots of the excitation energies
of the low-lying positive-parity states of 193Er
(cf. Figure 1.58) versus I(I +1), cf. Equation
(1.53) to reveal rotational behaviour. Note
the left and right energy scales, with the left-
hand scale applying to all but the ground-
state band.

Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).

M. A. Caprio, University of Notre Dame
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Figure from D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational
Models (World Scientific, Singapore, 2010).

M. A. Caprio, University of Notre Dame



Separation of rotational degree of freedom

Factorization of wave function | k) J=K,K+1,...
19 Intrinsic structure (K = a.m. projection on symmetry axis)
DIJWK(ﬁ) Rotational motion in Euler angles 9

Coriolis (K = 1/2)

Rotational energy

2
E(J)=Eg+AJ(J + D+a(=)"12g+ D] A= r

Rotational relations (Alaga rules) on electromagnetic transitions
B(E2;J; — Jp) o< (JiK20l/;K)*(eQ0)* Qo o< (p1Q20ldk)

P
—4&1a Coriolis decoupling

1232 52 72
J
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Figure 1.71: A Nilsson diagram for protons in nuclei with 50 < Z < 82. Energies, in units of iy, are plotted
against the deformation parameter, ¢. Energy levels are labelled by their spherical shell model quantum
numbers, £ and j, at € = 0, and by the asymptotic quantum numbers Q[Nn-A] for € # 0. (The figure is

adapted from Lamm 1-L. (1969), Nucl. Phys. A125, 504.)

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models: Foundational Models
(World Scientific, Singapore, 2010).

M. A. Caprio, University of Notre Dame



Observed energy levels for A = 7 nuclei

M. A. Caprio, University of Notre Dame

Figure from D.R. Tilley et al., Nucl. Phys. A 708, 3 (2002).



Rotational features emerge in ab initio calculations
P. Maris, M. A. Caprio, and J. P. Vary, Phys. Rev. C 91, 014310 (2015). 20
C. W. Johnson, Phys. Rev. C 91, 034313 (2015). @
M. A. Caprio, P. J. Fasano, P. Maris, A. E. McCoy, J. P. Vary,

Eur. Phys. . A 56, 120 (2020).
Valence shell structure?  SU(3)
T. Dytrych et al., Phys. Rev. Lett. 111, 252501 (2013).

Multishell dynamics?  Sp(3,R)

A. E. McCoy et al., Phys. Rev. Lett. 125, 102505 (2020).
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Elliott SU(3) symmetry

Generators of SU(3) D SO(3)
(n T (D (2) Ty 72
L,/ ~(b'xb), Oy ~ " xb)y,

States classified into SU(3) irreps (A, 1)

— States are correlated linear combinations of configurations over £-orbitals
— Branching of SU(3) — SO(3) gives rotational bands (in L)

M. A. Caprio, University of Notre Dame



Sp(3,R) > U(3) dynamical symmetry for 'Be
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A. E. McCoy, M. A. Caprio, T. Dytrych, and P. J. Fasano, Phys. Rev. Lett. 125, 102505 (2020).



Decomposition by U(3) content

Yrast band up to maximal “valence” angular momentum has U(3)
Nex(A, 1) =0(3,0) S=1/2

10°f= fNex=2 :Nex=4
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JISP16 (no Coulomb), SpNCCI, Ny max = Nmax = 6, fiw = 20MeV



FUNDAMENTALS eF
NUCLEAR MODELS Elements of nuclear structure

Foundational Models

David J Rowe
" John L Wood

\\:s World Scientific [ SN
David Rowe, Playa del Carmen, 2003.

M. A. Caprio, University of Notre Dame



Further reading

D. J. Rowe and J. L. Wood, Fundamentals of Nuclear Models:
Foundational Models (World Scientific, Singapore, 2010).

http://www.worldscibooks.com/physics/6209.html

D.J. Rowe, Nuclear Collective Motion: Models and Theory (World
Scientific, Singapore, 2018).

J. Suhonen, From Nucleons to Nucleus (Springer-Verlag, Berlin,
2007).

http://dx.doi.org/10.1007/978-3-540-48861-3

Richard F. Casten, Nuclear Structure from a Simple Perspective,
2ed (Oxford Univ. Press, 2000).

P. Ring and P. Schuck, The Nuclear Many-Body Problem
(Springer-Verlag, New York, 1980).
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